We have analyzed numerically the response and noise-limited charge sensitivity of a radio-frequency singleelectron transistor ͑RF-SET͒ in a nonsuperconducting state using the orthodox theory. In particular, we have studied the performance dependence on the quality factor Q of the tank circuit for Q both below and above the value corresponding to the impedance matching between the coaxial cable and SET.
I. INTRODUCTION
An important drawback of the conventional singleelectron transistor 1,2 ͑SET͒ is its relatively large output resistance which should be much larger than the quantum resistance R Q ϭh/4e 2 Ӎ6.5 k⍀. This limits the operation frequency of the prospective integrated single-electron circuits 3, 4 and imposes a severe frequency limitation for individual SET's used nowadays as electrometers. Estimating the total capacitance of a wire delivering SET signal from a cryostat to outside electronics as 1 nF, we get the time constant on the order of 1 nFϫ10 5 ⍀ϭ10 Ϫ4 s; therefore the operating frequency is limited to few kilohertzs, which is a typical value achievable by conventional SET setups. 5 While the operating frequency can be significantly increased by placing a preamplifier in a close vicinity of the SET, 6 ,7 a more popular solution of the problem is the use of the radiofrequency SET ͑Ref. 8͒ ͑RF-SET͒ which in many instances has already replaced the traditional SET setup.
The principle of the RF-SET operation is somewhat similar to the operation of the radio-frequency superconducting quantum interference device 9 and is based on the microwave reflection 8, [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] from a tank (LC) circuit containing the SET ͑Fig. 1͒; another possibility is to use the transmitted wave. 23, 24 The SET input signal ͑which is being measured͒ changes the effective SET resistance and affects the intensity and the phase of the reflected ͑or transmitted͒ wave that is later sensed by either homodyne detection or simple rectification ͑to separate incoming and reflected waves a directional coupler can be used͒. The high operation frequency of the RF-SET is due to the signal propagation by the microwave, so that the SET does not need to charge the whole output wire, while the tank circuit tuned in resonance works as an impedance transformer providing a better matching between the effective SET differential resistance R d (ϳ10 5 ⍀) and the microwave cable wave impedance R 0 ͑typically 50 ⍀).
For a good matching the ''unloaded'' quality factor Q ϵͱ(L T /C T )/R 0 of the tank circuit consisting of inductance L T and capacitance C T should be comparable to ͱR d /R 0 ϳ50. While a much lower value, Qϭ6, was used in the first experiment, 8 the values close to the matching condition ͑sometimes even higher͒ are typically used at present. Increase of the Q factor obviously decreases the RF-SET bandwidth limited by ϳ/2Q L where Ϸ1/ͱL T C T is the ''carrier'' microwave frequency and Q L is the ''loaded'' quality factor, which also takes into account the effect of the SET ͑see below͒. The straightforward design 8 shown in Fig. 1 can be somewhat modified to reduce the bandwidth further for a dense multiplexing; 14 however, in this paper we will consider only the original design.
The RF-SET bandwidth as wide as 100 MHz has been demonstrated 8 using a relatively high carrier frequency /2ϭ1.7 GHz and relatively low Q factor Qϭ6. However, to improve experimental RF-SET sensitivity, it happens to be advantageous to reduce the carrier frequency by few times ͑to reduce the noise contribution from the amplifier͒ and also increase Q ͑closer to the impedance matching regime͒, so that a practical bandwidth at present is about 10 MHz ͑for example, the bandwidth of 7 MHz for the carrier frequency of 332 MHz has been reported in Ref. 12͒ .
The high operation frequency of the RF-SET makes it easily possible to avoid the 1/f noise limitation of the SET sensitivity which is typically dominant at frequencies f Շ10 4 Hz, and to work in the region of the shot-noise limited sensitivity. 25, 26 Though experimentally the contribution from the amplifier noise is still comparable or larger than the SET noise, a relatively rapid improvement of the RF-SET charge sensitivity from 1.2ϫ10
Ϫ5 e/ͱHz at 1.1 MHz in the first experiment 8 to the value 3.2ϫ10 Ϫ6 e/ͱHz (4.8ប in energy units͒ at 2 MHz reported in Ref. 12 assures us that the pure shot-noise limit will be achieved pretty soon. ͓These values are to be compared with the sensitivity 2ϫ10 Ϫ5 e/ͱHz at 4.4 kHz of a purely conventional SET reported in Ref. 5 
, the value 8ϫ10
Ϫ6 e/ͱHz at 10 Hz for the ''stacked'' SET, 27 and FIG. 1. Schematic of the RF-SET. The current I(t) through the SET ͑two tunnel junctions with capacitances C 1 j and C 2 j ) affects the quality factor of the tank circuit (L T and C T ) and therefore the amplitude and phase of the reflected rf wave propagating along coaxial cable (R 0 ). The change of the source charge q S changes the effective SET background charge q 0 and can be monitored via measurement of the reflected rf wave. the sensitivity 6ϫ10 Ϫ6 e/ͱHz at 45 Hz for the SET made of carbon nanotubes. 28 
͔
One of important potential applications of the RF-SET is for the readout of the charge qubits in a solid-state quantum computer. 11,16 -21,29 The possibility of a single-shot qubit measurement requires fast enough distinguishing between two charge states to avoid significant qubit evolution during measurement. This requires sufficiently wide RF-SET bandwidth and most importantly good enough charge sensitivity. The estimates 11 show that the single-shot qubit measurement is almost within the reach of present-day RF-SET performance; however, reliable measurement still requires significant improvement in sensitivity. This makes very important the question of ultimate ͑theoretical͒ RF-SET sensitivity. The ultimate RF-SET sensitivity is also a crucial parameter for monitoring quantum dynamics of nanomechanical resonators [30] [31] [32] ͑recently the monitoring accuracy within a factor of 10 from the uncertainty principle has been achieved 33 ͒ and for a variety of RF-SET applications as an electrometer in classical single-electron devices.
In spite of significant experimental activity on RF-SET's, we are aware of only few theoretical papers on the RF-SET's. The basic theory of the shot-noise limited charge sensitivity of the RF-SET has been developed in Ref. 34 . A similar theory has been applied to the sensitivity analysis for the RF-SET-based micromechanical displacement detector. [35] [36] [37] Some theoretical analysis of the transmissiontype RF-SET can be found in Ref. 24 . The theory of a somewhat related device, the radio-frequency Bloch-transistor, has been developed in Ref. 38 . In our opinion, the RF-SET definitely requires further theoretical attention, since many questions about RF-SET performance have not yet been answered theoretically.
In this paper we extend the theory of Ref. 34 to the case of arbitrary Q factor of the tank circuit, removing the assumption ͑strongly violated in the present-day experiments͒ of Q being much smaller than the impedance matching value. We calculate the response and sensitivity of the normal-metal RF-SET and optimize these magnitudes numerically over the rf wave amplitude and the SET background charge. Then we study the dependence of the optimized RF-SET response and sensitivity on the tank Q factor, operation temperature, SET resistance, carrier frequency, and SET asymmetry due to asymmetric biasing. Some results of this paper have been presented earlier in a short form.
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II. MODEL AND CALCULATION METHODS
The schematic of the RF-SET used in our analysis is shown in Fig. 1 . The SET consists of two tunnel junctions with capacitances C 1 j and C 2 j and resistances R 1 and R 2 . The SET is coupled via gate capacitance C g to the measured charge source ͑for example, a single-electron box or a similar structure͒, which is characterized by the charge q S and capacitances C S1 and C S2 to the SET leads ͑the total source capacitance is C S ϭC S1 ϩC S2 ). Assuming constant q S ͑ne-glecting back-action from the SET͒, it is easy to show that the SET coupled to the charge source is equivalent to the simple double-junction SET structure with parameters
where C 1 and C 2 are effective junction capacitances ͑the total SET island capacitance is C ⌺ ϭC 1 ϩC 2 ), and the total induced charge of the SET island q 0 is the sum of the initial background charge q 00 and the contribution from the measured charge source. For numerical results we have used the ''orthodox'' model 1 for a normal-metal SET ͑see the Appendix͒.
A. Linear analysis of the reflected wave
The current I(t) through the SET affects the quality factor of the tank circuit consisting of inductance L T and capacitance C T , while the contribution to the tank circuit capacitance is neglected, assuming C T ӷmax͓C 1j ,C 2j ,C S1 C S2 /(C S1 ϩC S2 )͔. ͑This condition is usually well satisfied experimentally; it also allows us to neglect the effect of single-electron jumps on the tank circuit oscillations.͒ The quality factor of the tank circuit is also affected by the wave impedance R 0 of the cable. For a simple linear analysis let us substitute the SET by an effective differential resistance R d . Then, assuming the case of weak damping, we can simply add the contributions from R 0 and R d , so that the total ͑loaded͒ quality factor of the tank circuit is
where the unloaded quality factor Q corresponds to the absence of the SET, R d ϭϱ, while Q SET corresponds to the damping by the SET only, R 0 ϭ0. Notice that Q is fixed by the RF-SET design, while Q SET and therefore Q L depend on the operating conditions; so even though Q L is a more physically meaningful quantity than Q, in this paper we consider unloaded Q as an independent parameter and call it as quality factor. For the incoming voltage wave V in exp(it), the reflected wave ␣V in exp(it) is determined by the complex reflection coefficient ␣:
Since the measured charge signal changes the SET resistance
Using the first-order approximation close to the resonant frequency 0 ϭ1/ͱL T C T of the tank circuit,
͑in particular, this approximation neglects the shift of the resonant frequency, which is a second-order effect͒, it is easy to get
͑8͒
For fixed values of R 0 and R d , this expression increases with Q for small Q, thus showing the need of Q factor increase to achieve a better RF-SET response. The maximum is reached at
which is the case of practically matched impedances, Z ϷR 0 , at frequencies close to resonance, and also corresponds to the condition QϭQ SET ϭ2Q L . Notice that in this case the reflection practically vanishes, ␣Ϸ0. Actually, Eq. ͑8͒ is not really relevant, because the rf amplitude V in should depend on Q in order to maintain approximately constant amplitude ͉V b ͉ of the SET bias voltage oscillations, which is determined by the voltage scale of the Coulomb blockade. Taking into account the relation
we obtain
͑11͒
which is somewhat similar to Eq. ͑8͒ and also reaches maximum at QϭͱR d /R 0 . Notice that this condition optimizes only the RF-SET response, while the shot-noise-limited sensitivity can ͑and as will be seen later does͒ have completely different dependence on Q.
B. Full analysis of the reflected wave
The linear analysis discussed above can be used only as an estimate because of the significant nonlinearity of the SET current-voltage (I-V) dependence. For a more accurate analysis 34 we use the Kirchhoff's rules taking into account the current I(t) through the SET. Let us separate the voltage V 0 ϩv(t) at the end of the rf cable into the dc component V 0 ͑which can be supplied via the bias-tee 8 ͒ and rf component v(t)ϭV in (t)ϩV out (t), where V in (t)ϭV in cos t is the incoming wave ͑from now on we do not use complex representation͒ and V out (t) is the outgoing reflected wave. The differential equation for the rf component v(t) is
where ͗I͘ is the current through the SET averaged over time much longer than Ϫ1 , and the time dependence of the SET current I(t) can be found self-consistently from the time dependence of the SET bias voltage
In this paper we assume that the rf frequency is small compared to the frequency of electron tunneling through the SET, ӶI/e, so that the SET shot noise is a small contribution compared to the deterministic part of the SET current I(t), which is calculated using dc I-V curve and V b (t) ͑actually, it is still acceptable if this condition is not satisfied during some fraction of the period due to Coulomb blockade, since the small current does not affect the oscillations significantly͒.
In a steady state ͑assuming that the induced SET charge q 0 does not change with time͒ the reflected wave can only contain the incoming frequency and its overtones:
͑14͒
We separate the term ϪV in cos t mainly to follow the notations of Ref. 34 , even though it really makes sense only for a low-Q case at Ϸ 0 , when all X n and Y n are small. Using the substitution v(t)ϭ ͚ nϭ1 ϱ ͓X n cos ntϩY n sin nt͔ in Eq. ͑12͒, we find the coefficients X n and Y n as
͑16͒
where a n ϭ2͗I͑t ͒sin nt͘, b n ϭ2͗I͑t ͒cos nt͘ ͑17͒
͑the averaging is over the oscillation period͒, ϵ/ 0 is the normalized frequency, ␦ 1n is the Kronecker symbol, and the current I(t) is calculated self-consistently using the SET bias voltage
Because of the resonant behavior of the tank circuit at Qӷ1, the contribution of overtones (nу2) in the reflected signal is always small if Ϸ 0 ͑since the overtones are far from resonance͒. This can be easily seen from Eqs. ͑15͒ and ͑16͒, especially in the case ϭ 0 , when they are significantly simplified:
Therefore, a linear ͑one-frequency͒ approximation in which only X 1 and Y 1 are taken into account works very well in this case. In our numerical analysis we used the result of the linear approximation as a starting point of the iterative procedure
solve self-consistently Eqs. ͑15͒-͑18͒ taking into account few ͑typically 3-5͒ overtones. We have checked numerically that the account of overtones typically gives a small correction in the case of a reasonably large Q factor and Ϸ 0 .
Since in the linear approximation the SET bias voltage has only one-frequency component, V b (t)ϭV 0 ϩA b sin(t ϩ), for the calculation of a 1 and b 1 ͓see Eq. ͑17͔͒ the SET can be simply replaced by the effective resistance
where I(V) is the SET current-voltage dependence. ͓Notice that ͐ 0 2 I(V 0 ϩA b sin x)cos xdxϭ0, i.e., there is no contribution to the effective reactance.͔ Hence, this linear ͑one-frequency͒ approximation is completely equivalent to the case of a resistor instead of the SET, considered in the preceding section. The only new condition is a self-consistent relation between the effective resistance R d and the amplitude A b of the SET bias voltage. The amplitude A b ͑which depends on R d ) can be calculated either using Eq. ͑10͒ in which A b ϭ͉V b ͉ or using Eq. ͑18͒, which gives
while the components X 1 and Y 1 are given by equations
where R ϵR d /R 0 ӷ1 ͑these equations can obviously be rewritten in a shorter way; however, they become less transparent to analyze͒. Equations ͑23͒ and ͑24͒ significantly simplify in the case ϭ 0 :
from which it is clear that ͉Y 1 /X 1 ͉Ӷ1 for Qӷ1, and therefore
C. Response and noise-limited sensitivity
So far we have implicitly assumed that the SET current I(t) depends on time only because of the periodic time dependence of the SET bias voltage V b (t). However, I(t) has also a small noise component, the magnitude of which depends on the bias voltage and therefore also has a periodic time dependence. The shot noise of the SET current leads to the fluctuations of the parameters a n and b n defined by Eq. ͑17͒ and consequently to the fluctuations of the reflected wave quadrature amplitudes ͑''quadratures''͒ X n and Y n . Since the noise of X n and Y n can be meaningfully discussed only at frequencies less than /Q L , which is much less than the typical frequency I/e of electron tunneling in the SET, it is sufficient to consider the low-frequency limit of the SET shot noise.
The low-frequency spectral densities of a n and b n and their mutual spectral density can be calculated as
where the averaging is over the oscillation period, S I (t) is the low-͑zero-͒ frequency spectral density of the SET current ͑see the Appendix͒, and the time dependence comes from the oscillating bias voltage V b (t). Consequently, the low-frequency spectral densities of X n and Y n fluctuations and their mutual spectral density are
where c n ϭ
Notice much simpler equations for S X 1 and S Y 1 in the case ϭ 0 :
The change of the measured charge q S can in principle be monitored via the change of any quadrature X n or Y n . The corresponding responses can be defined as the derivatives dX n /dq S or dY n /dq S , while the corresponding sensitivities ͑minimal detectable charge ␦q S for a small measurement
Numerical calculations show that in the usual case Ϸ 0 thus defined RF-SET sensitivity for overtones (nу2) can be comparable to the sensitivity using the carrier frequency (nϭ1). However, because of relatively small amplitude of reflected overtones in this case, their monitoring is impractical, and so we mainly consider monitoring of X 1 and Y 1 which are referred below as X and Y. Monitoring both quadratures X and Y simultaneously, one can improve the sensitivity compared with monitoring of only one quadrature. It is easy to show that the resulting sensitivity can be obtained as the optimization over angle of the sensitivity corresponding to monitoring the linear combination X*ϭX cos ϩY sin ͑experimentally, this is just a phase shift in the homodyne detector; notice that the contribution ϪV in cos t is noiseless by assumption͒. The optimum sensitivity is achieved at tan ϭ(S X dY /dq S ϪS XY dX/dq S )/(S Y dX/dq S ϪS XY dY /dq S ) and the resulting sensitivity is
which can be rewritten as 
while the response is obviously dA 1 /dq S ϭ͓(X ϪV in )dX/dq S ϩY dY /dq S ͔/A 1 . The formulas for monitoring of nth overtone are similar, except that V in does not contribute to the amplitude A n . In the case ϭ 0 , which is of the most practical importance, the magnitude of Y is small in comparison with X for Qӷ1 ͓see Eqs. ͑25͒ and ͑26͔͒, and the correlation factor K also vanishes ͓because d 1 ϭ0 and the SET bias voltage contains mostly the sine component-see Eq. ͑27͔͒. Then Eq. ͑39͒ for the best homodyne detection practically coincides with Eq. ͑40͒ for rectification and reduces to the sensitivity ␦q S,X /ͱ⌬ f ϭͱS X /(dX/dq S ) for monitoring of X quadrature only ͑similarly, the formulas for response also practically coincide͒. Because of that, the numerical results for RF-SET response and sensitivity in the case ϭ 0 will assume monitoring of X quadrature.
Since the increments of the measured charge q S and the effective SET charge q 0 are related by a constant factor,
the RF-SET response and sensitivity in respect to q S and in respect to q 0 differ by the factor 1ϩC S /C g . All our numerical results will be in terms of q 0 measurement, so for X monitoring we will use the derivative dX/dq 0 as a measure of the RF-SET response and the magnitude
as a measure of the sensitivity.
III. NUMERICAL RESULTS
We have studied numerically the dependence of the RF-SET response and sensitivity on various parameters, which include ''fixed'' parameters ͑which cannot be easily changed in an experiment͒ and the parameters of the operating point. The fixed parameters are the following: effective junction capacitances of the SET, C 1 and C 2 ͑we assume C 1 ϭC 2 unless mentioned otherwise͒, resistances R 1 and R 2 ͑we always assume R 1 ϭR 2 ), temperature T, cable wave impedance R 0 ͑we always assume R 0 ϭ50⍀), the tank circuit frequency 0 ϭ1/ͱL T C T , and the quality factor, Q ϭͱL T /C T /R 0 . The operating point parameters are the effective SET background charge q 0 , dc bias voltage V 0 , amplitude V in of the incident wave, and its frequency ͑in most cases we assume ϭ 0 ).
We use the SET parameters for normalization, so that a natural unit for temperature is e 2 /C ⌺ ͑where C ⌺ ϭC 1 ϩC 2 ), the voltage unit is e/C ⌺ , the RF-SET response dX/dq 0 ͑or dY /dq 0 ) can be measured in units 1/C ⌺ , and the unit for sensitivity ␦q 0 /ͱ⌬ f is e(R ⌺ C ⌺ ) 1/2 ͑where R ⌺ ϭR 1 ϩR 2 ). Notice that all considered magnitudes have a simple scaling with C ⌺ ͑if the temperature scales accordingly͒; however, there is no simple scaling with R ⌺ because of the dimensionless parameter R ⌺ /R 0 . Figure 2͑a͒ shows the RF-SET response dX/dq 0 on the plane of operating point parameters q 0 and V in for the case Qϭ50, R ⌺ /R 0 ϭ2000 ͑i.e., R ⌺ ϭ100 k⍀), V 0 ϭ0, ϭ 0 , and Tϭ0.01e 2 /C ⌺ ͑the SET is symmetric, C 1 ϭC 2 , R 1 ϭR 2 ). Figure 2͑c͒ is similar, except V 0 ϭ0.5e 2 /C ⌺ . We do not show dY /dq 0 because it is practically vanishing. Because of the same reason, the sensitivity ␦q 0 /ͱ⌬ f shown in
A. Operating point optimization
Figs. 2͑b͒ and 2͑d͒ is calculated using only quadrature X.
Both the response and sensitivity are obviously poor when the amplitude of oscillations at the SET is below the Coulomb blockade threshold V t ͓this happens at V in ϽV t /2Q where V t ϭ(e/C ⌺ )(1Ϫ2q 0 /e), and corresponds to the triangles in the lower left corners of Figs. 2͑a͒-2͑d͔͒, and they are also poor when V in is much larger than this condition ͑notice that better response corresponds to larger dX/dq 0 , while better sensitivity corresponds to smaller ␦q 0 ). Even though the regions of relatively good response and sensitivity are similar, the maximum response and optimum sensitivity are achieved at quite different points in the V in -q 0 plane. In particular, the amplitude V in of the incoming wave is significantly larger for maximum response than for best sensitivity.
In the present-day experiments, maximization of the response ͓Figs. 2͑a͒ and 2͑c͔͒ is still of the major importance, because the noise from the next amplifying stage is still significant ͓if a large constant noise had been added to S X in Eq. ͑42͒, then the sensitivity would be mainly determined by the denominator dX/dq 0 ]. However, if the amplifier noise is small compared to the contribution from the SET shot noise, then the best operating point should optimize the shot-noiselimited sensitivity ͓Figs. 2͑b͒ and 2͑d͔͒. In the case of comparable contributions from two noises, we have a trade-off between two regimes. In this paper we will concentrate on the analysis of the maximum response ͑MR͒ mode and optimized sensitivity ͑OS͒ mode, keeping in mind that experimentally optimal regime is somewhere in between, depending on the amplifier noise. One can see that the best response in both MR and OS regimes as well as the best sensitivity in the OS mode are achieved at V 0 ϭ0. This is because both positive and negative branches of the symmetric SET I-V curve ͑see Fig. 10 in the Appendix͒ contribute equally at V 0 ϭ0, and therefore the signal is maximal. In the MR mode at V 0 ϭ0 the optimum background charge ͓see Fig. 2͑a͔͒ is about q 0 Ϸ0.15e ͑so the Coulomb blockade threshold V t is about 0.7e/C ⌺ ) while the optimum amplitude A b of the SET bias V b oscillations is about 1.1e/C ⌺ ͑these numbers have only weak dependence on Q, while the optimum V in obviously depends on Q quite significantly͒. When V 0 starts to increase, it becomes advantageous to increase q 0 ͑so V t decreases͒ while A b stays approximately constant, so that both positive and negative branches of the SET I-V still contribute both to the response. However, since these branches cannot contribute in the optimal way, the response decreases with V 0 ͓see Fig. 3͑a͔͒ . For large enough V 0 it becomes preferable to use only one ͑positive͒ branch ͓this regime corresponds to the lower maximum in Fig. 2͑c͒ , while the upper maximum corresponds to the twobranch regime͔; then the optimal wave amplitude drops to A b Ӎ0.2e/C ⌺ and the optimal q 0 corresponds to V t slightly above V 0 ͑by about 0.03e/C ⌺ ). This change causes the kinks on the response curves in Fig. 3͑a͒ and jumps down on the sensitivity curves in Fig. 3͑c͒ . Notice that in the MR mode the sensitivity at V 0 Ӎ0.5e/C ⌺ is better than at V 0 ϭ0. 2 /C ⌺ , R ⌺ /R 0 ϭ2000, and ϭ 0 . V 0 ϭ0 for panels ͑a͒ and ͑b͒, and V 0 ϭ0.5e 2 /C ⌺ for panels ͑c͒ and ͑d͒.
In the OS regime the optimal amplitude is significantly less than in the MR regime. It depends mainly on temperature, and for parameters of Fig. 3 the OS amplitude A b at the SET is typically between 0.08 and 0.1 in units of e/C ⌺ . The ''above blockade'' voltage V 0 ϩA b ϪV t is few times smaller than A b and is comparable to the temperature. The best sensitivity is achieved at V 0 ϭ0 when both branches participate, while at large enough V 0 when it becomes preferable to use only one branch, both sensitivity and response practically do not depend on V 0 ͓see Figs. 3͑b͒ and 3͑d͔͒.
In both MR and OS modes the RF-SET performance becomes significantly worse when V 0 approaches e/C ⌺ . This is because V t can no longer be slightly above V 0 , and so the optimized operating points move to new positions corresponding to V t ϽV 0 , which leads to the decrease of response ͓Figs. 3͑a͒ and 3͑b͔͒. Noise-limited sensitivity worsens even more significantly ͓Figs. 3͑c͒ and 3͑d͔͒, because it is affected by both decrease of the response and increase of the shot noise due to increased current. The RF-SET performance improves somewhat when V 0 exceeds e/C ⌺ ͑not shown in Fig.  3͒ and then worsens again with further increase of V 0 .
B. Dependence on Q factor
The dependence on Q factor is summarized in Fig. 4 , which shows the response and sensitivity in the MR and OS modes for Tϭ0.01e 2 /C ⌺ , R ⌺ /R 0 ϭ2000, and ϭ 0 . The results are presented for V 0 ϭ0 ͑thick lines͒, which provides the best MR and OS response and best OS sensitivity, and also for V 0 ϭ0.5e/C ⌺ ͑thin lines͒, which is a typical value for the case when only one branch of the SET I-V is involved. One can see that the response dX/dq 0 grows linearly with Q at small Q ͓see Eq. ͑11͔͒ and reaches the maximum at Q around 50 ͑this number is somewhat different for different regimes; for example it is almost 70 for the thin solid line͒, which is close to the crude theoretical estimate ͱR ⌺ /R 0 Ӎ45 for the impedance matching. However, unlike in the linear model, this maximum does not correspond to the exact impedance matching. For example, the impedance matching ͑minimum of reflection͒ occurs at QӍ100 for the upper curve in Fig. 4͑a͒ and at QӍ80 for the curve second from the top, while for two lower curves ͑OS mode͒ it does not occur at all in a reasonable range of Q.
In contrast to the response behavior, the RF-SET sensitivity monotonically worsens with increase of Q. Qualitatively, this happens because the noise S X has Q 2 scaling ͓see Eq. ͑35͔͒, while the response dX/dq 0 has slower than Q dependence ͓see Eq. ͑11͔͒. This simple analysis predicts the parabolic dependence ␦q 0 ϰ1ϩQ 2 /(R d /R 0 ), which crudely fits the curves in Fig. 4͑b͒ using R than R ⌺ /R 0 , though the curves in Fig. 4͑b͒ actually have slower than parabolic dependences at large Q.
Comparing the MR and OS modes at Qϭ30 ͑we choose some typical number͒ and V 0 ϭ0, we see that the MR regime provides about 40% larger response, while the OS regime provides about twice better sensitivity. Even though these numbers depend significantly on the temperature and also depend on Q and R ⌺ /R 0 , they show that the results for the MR and OS regimes are not too much different ͑not by an order of magnitude͒.
Comparison of the cases V 0 ϭ0 and V 0 ϭ0.5e/C ⌺ shows that for the MR and OS responses as well as for the OS sensitivity there is no much difference between these two cases, and the relative difference decreases with Q. In contrast, the difference between MR sensitivity at V 0 ϭ0 and at V 0 ϭ0.5e/C ⌺ grows with Q and can become significant.
The low-Q limit of the OS sensitivity for V 0 ϭ0 is well described by the formula 34 ͑which also assumes TӶe 2 /C ⌺ )
͓we do not use a shorter formula 2.65 C ⌺ (R ⌺ T) 1/2 to emphasize natural normalizations͔, and similar limit for V 0 ϭ0.5e/C ⌺ ͑one-branch case͒ is close to
͓see Fig. 4͑b͔͒ . However, the theory of Ref. 34 which assumes QӶͱR ⌺ /R 0 is not able to describe significant change of the sensitivity with Q in Fig. 4͑b͒ . One can see that this dependence is even more significant in the MR mode.
C. Dependence on temperature and SET resistance
The numerical results on temperature dependence are shown in Fig. 5 for R ⌺ /R 0 ϭ2000 and ϭ 0 . Similar to Fig. 3 we show on four panels the response dX/dq 0 and corresponding sensitivity in the MR and OS modes ͑the optimal dc bias value V 0 ϭ0 is used͒. It is important to notice that in the MR mode both response and sensitivity almost do not depend on temperature at TϽ0.03e 2 /C ⌺ , and the RF-SET performance is still reasonably good at temperatures ϳ0.1e 2 /C ⌺ ͑response and sensitivity change less than twice compared to zero-temperature case͒. In the OS regime the response also has a very weak temperature dependence at TϽ0.05e 2 /C ⌺ ; however, the sensitivity is strongly temperature dependent. The low-Q OS sensitivity can be accurately described by Eq. ͑43͒ up to temperatures ϳ0.05e 2 /C ⌺ ͓see the lowest dotted line in Fig. 5͑d͔͒ , and the curves for large Q factors also follow the scaling ␦q 0 /ͱ⌬ f ϰT 1/2 at temperatures TϽ0.05e 2 /C ⌺ . In the orthodox theory this T 1/2 dependence is valid even at very small temperatures leading to infinitely good sensitivity (␦q 0 /ͱ⌬ f →0); however, in reality the neglected contribution of cotunneling processes becomes significant in the OS regime at small T that changes the formalism. 25, 40 Comparing the results for MR and OS modes, we notice that while they are significantly different at low temperatures, the difference decreases with temperature, so that at Tϳ0.1e 2 /C ⌺ the MR and OS results are already quite similar. Figure 6 shows the response and sensitivity dependence on the total SET junction resistance R ⌺ for Tϭ0.01e 2 /C ⌺ , V 0 ϭ0, and ϭ 0 ͑we show results only for R ⌺ /R 0 Ͼ500, because at R ⌺ Ͻ25 k⍀ the theory is too inaccurate due to neglected cotunneling processes͒. In the case 34 
Q
ӶͱR ⌺ /R 0 the response dX/dq 0 scales as R ⌺ Ϫ1 ͓see Eq. ͑23͔͒
and the sensitivity ␦q 0 /ͱ⌬ f scales as R ⌺ 1/2 ͓see Eq. 43͔. Correspondingly, the solid lines (Qϭ10) in Figs. 6͑a͒ and 6͑b͒ are practically straight lines passing through the origin, and in Figs. 6͑c͒ and 6͑d͒ the solid lines are practically horizontal ͓the level determined by Eq. ͑43͒ is shown in Fig. 6͑d͒ by the lowest dotted line, which fits well the solid line͔. The dependence on R ⌺ becomes nontrivial when R ⌺ /R 0 is less or comparable to Q 2 . It is interesting to notice that the inverse response remains a practically linear function of R ⌺ even for large Q, as seen in Figs. 6͑a͒ and 6͑b͒ ͑the slope of the lines decreases with Q while the offset increases͒. In particular, this means that in the orthodox model the RF-SET response continues to increase with the decrease of the SET resistance even when the matching condition is overshot. Decrease of R ⌺ close or beyond the matching condition worsens the sensitivity in comparison with the scaling ␦q 0 /ͱ⌬ f ϰR ⌺ 1/2 ͓see Figs. 6͑c͒ and 6͑d͔͒. In the MR mode the sensitivity worsens with decrease of R ⌺ even in absolute units (e/ͱHz) when the matching condition is sufficiently overshot, while in the Now let us discuss the effect of asymmetric effective capacitances of the SET junctions, C 1 C 2 . Even when the physical junction capacitances are equal, C 1 j ϭC 2 j , the effective capacitances C 1 and C 2 can be significantly different when the gate capacitance C g is comparable to junction capacitances. In our model shown in Fig. 1 this happens due to asymmetry of signal source capacitances, C S1 C S2 ͓see Eqs. ͑1͒ and ͑2͔͒; in RF-SET experiments this effect is called asymmetric rf biasing of the SET. 11 For the conventional SET setup, the biasing asymmetry is not important at all, because of the formal SET equivalence under transformation
for arbitrary ⌬C, which means that the asymmetric biasing ͑different C 1 and C 2 ) can be simply corrected by the background charge shift. However, for the RF-SET there is no simple equivalence because the bias voltage V b changes in time. ͑Effective capacitance asymmetry can still be controlled by an addition of the extra rf signal to the SET gate.͒ Therefore it is interesting to find if the asymmetric biasing (C 1 C 2 ) is better or worse than the symmetric case (C 1 ϭC 2 ). Figure 7 shows the V 0 dependence of the RF-SET response and sensitivity in the MR and OS modes for several ratios C 1 /C 2 ͑with fixed total capacitance C 1 ϩC 2 ). One can see that in the asymmetric cases the best MR response and OS sensitivity are achieved at nonzero V 0 and are typically better than the corresponding values for the symmetric case. Therefore, the asymmetric biasing is actually preferable ͑that eases the concern about this issue discussed in Ref.
11͒; however, the advantage is rather minor. In particular, the OS sensitivity in the asymmetric case is still limited by Eq. ͑44͒; therefore the possible improvement is less than the sensitivity decline due to high Q factor ͓see Fig. 4͑b͔͒ , and even less because of the difference between Eqs. ͑43͒ and ͑44͒.
E. Carrier frequency detuning from the resonance
So far we have considered the resonant case ϭ 0 . ͓Ac-tually, the exact resonance is at the frequency ϭ 0 (1 Ϫ1/2Q SET 2 ) which is very close to 0 .͔ In this case the quadrature amplitude X is much larger than Y ͑at Qӷ1) and therefore the RF-SET response and sensitivity in respect to 2 /C ⌺ , Qϭ50, R ⌺ /R 0 ϭ2000, and ϭ 0 . Notice that the SET asymmetry ͑''asymmetric biasing''͒ slightly improves the RF-SET performance.
monitoring of X quadrature practically coincide with that for monitoring the reflected wave amplitude A ͑we denote with A the amplitude A 1 of the first harmonic͒ or monitoring the optimized phase-shifted combination X*ϭX cos ϩY sin . The detuning of from the resonant frequency 0 leads to a significant magnitude of Y quadrature and so to different results for different ways of reflected wave monitoring.
For a small frequency detuning ⌬ϭϪ 0 the simple linear analysis using Eq. ͑11͒ predicts the nonmonotonic shape of the X-response frequency dependence with zeros at / 0 ϭ1Ϯ1/2Q L and with the full width at half height ͑FWHH͒ equal to 0.53 0 /Q L ; while for the amplitude monitoring it predicts FWHH of ͱ3 0 /Q L . ͓Equation ͑8͒ which assumes both R d and V in being frequency independent gives the response FWHH equal to (ͱ5Ϫ2) 1/2 0 /Q L and 0 /Q L for X and A monitoring, respectively͔. In reality the situation is more complex because even neglecting the nonlinear contributions, the effective SET resistance R d ͑and therefore Q L ) depends on V b (t) amplitude, which depends itself on , R d , and V in . Moreover, the optimized point in the V in -q 0 plane is also frequency dependent. Figure 8 shows the numerical results for the frequency dependence ͑in the vicinity of the resonance͒ of the optimized response and sensitivity. Each panel shows four curves, which correspond to monitoring the components X ͑thick solid line͒, Y ͑dashed͒, optimized phase-shifted combination X* ͑thin solid͒, and amplitude A ͑dotted line͒. At each frequency we perform optimizations of the response ͑MR mode͒ and sensitivity ͑OS mode͒ over V in -q 0 plane for all four monitored magnitudes, so the optimizations are different for different curves. The Q factor is equal to 50, which is close to the estimate of the impedance-matching value ͑see also Fig. 4͒ ; however, instead of the naively expected value Q L ӍQ/2ϭ25 for the loaded quality factor, it is Q L ϭ40 in the MR mode since Q SET ϭ199 ͑these values are calculated at ϭ 0 using effective SET resistance͒. The shape of the X-response dependence in panel ͑a͒ is close to the prediction of Eq. ͑11͒ using Q L ϭ40, though the minima do not reach zero and the curve beyond the minima is shifted up. The MR Y-response is practically zero at ϭ 0 ͑since Y vanishes͒; however, it becomes comparable to the resonant X-response at some frequency detuning; the overall shape is close to the prediction of Eq. ͑11͒, but the maxima are about 15% higher. The MR A-response curve is about 50% wider than the prediction of the linear theory ͑using Q L ϭ40) and is very close to the curve for monitoring optimal phase-shifted quadrature X*. As expected, the A and X*-responses are better than X and Y-responses at finite detuning ͑for both MR and OS modes͒.
The sensitivity ͑both OS and MR͒ for X* or A monitoring at finite detuning is also better than for X or Y monitoring. An interesting observation is that while the RF-SET response decreases with detuning, the sensitivity slightly improves with detuning for X* and A monitoring. This effect is similar to the sensitivity improvement with the decrease of Q factor ͑see Fig. 4͒ .
F. Monitoring of resonant overtone
In experiments the incoming rf wave is usually tuned close to the resonance with the tank circuit; in this case the contribution of overtones in the reflected rf wave is small in spite of significant SET I-V nonlinearity ͑the SET nonlinearity has been recently used 42 for rf mixing͒. However, if the nth overtone is in resonance, Ϸ 0 /n, then the reflected wave may have a significant contribution from this overtone, and the RF-SET operation can be based on monitoring this overtone. 39 The use of different frequencies for the incident and reflected waves may be advantageous for some applications. Also, it may be useful to have the absence of the monitored reflected wave when the SET is off ͑no current͒, while in the conventional regime this case corresponds to the largest reflected power. One more possible advantage is somewhat easier control of the amplitude of the SET bias voltage oscillations, since now it is more directly related to the incident amplitude V in , while in the usual regime the relation depends on Q L ͓see Eq. ͑27͔͒ which varies with operating point. ͑The disadvantage is that the incident amplitude V in should be much larger than in the usual regime, which may lead to the heating problems.͒ Figure 9 shows the RF-SET response and sensitivity for ϭ0 in the case ϭ 0 /3 and V 0 ϭ0.5e/C ⌺ in the case ϭ 0 /2 ͓for V 0 ϭ0 there is no second overtone because of the I-V curve symmetry even at nonzero q 0 -see Fig. 10͑a͒ and Eq. ͑17͔͒. As seen from Fig. 9 , the MR responses and OS sensitivities in the two cases ͑second and third resonant overtones͒ are quite similar, which is related to a strong nonlinearity of the SET I-V curve. Moreover, comparing Figs. 4 and 9 ͑the parameters are the same͒ we see that the RF-SET performance in the regime of a resonant overtone is comparable to the performance in the conventional regime ϭ 0 ͑the MR response and OS sensitivity are worse by only about 1.5 times͒. Combined with the advantages discussed above, this makes the regime of resonant overtone potentially useful in experiments.
IV. CONCLUSION
In this paper we have developed the formalism for the calculation of the response and shot-noise-limited sensitivity of the normal-metal RF-SET, extending the theory of Ref. 34 to the case of arbitrary large Q factor of the tank circuit and arbitrary frequency of the incident rf wave. The formalism has been used to analyze numerically the dependence of the RF-SET response and sensitivity on the operation parameters.
We have mainly studied two operation modes, optimized over the rf wave amplitude and the SET background charge, to reach either maximum response ͑MR mode͒ or optimum sensitivity ͑OS mode͒. The rf amplitude for the optimum sensitivity is typically significantly smaller than for maximum response. The MR mode is the best experimental regime when the preamplifier noise is much larger than the contribution from the SET noise, while the OS mode is the best when the preamplifier noise is negligible. Analyzing the performance dependence on the SET dc bias voltage, we have found that the best response and sensitivity are achieved at zero dc bias, though finite biasing does not change the RF-SET performance much as long as it is within the Coulomb blockade range.
We have found that the dependence of the RF-SET response on the unloaded Q factor of the tank circuit has a maximum at Q comparable to the simple impedance matching estimate ͱR ⌺ /R 0 . In contrast, the RF-SET sensitivity monotonically worsens with increase of Q; the dependence is approximately parabolic and the sensitivity can worsen by a few times ͑compared to the low-Q case͒ if Q is chosen too large. This means that to improve the sensitivity in an experiment, it is better to ''undershoot'' the Q factor compared to the impedance matching case than to ''overshoot'' it.
Studying the temperature dependence we have found that the RF-SET response saturates approximately at temperatures TϽ0.03e 2 /C ⌺ , which translates into 200 mK for a typical capacitance value C ⌺ ϭ300 aF. The optimized sensitivity continues to improve as T 1/2 at lower temperatures until it reaches the quantum limitation due to cotunneling. 25, 40 The orthodox RF-SET performance improves with decrease of the SET resistance; however, for high Q factors the dependence is significantly slower than the low-Q scaling R ⌺
Ϫ1
for the response and R ⌺ 1/2 for the sensitivity. We have analyzed the effect of the asymmetric rf biasing of the SET which leads to unequal effective capacitances of the SET and found that such asymmetry does not worsen the RF-SET performance ͑even slightly improves it͒. This answers the concern about asymmetric rf biasing raised in Ref.
11.
We have analyzed the effect of the carrier frequency detuning from the resonance and found that the decrease of the RF-SET response with detuning can crudely be described by the simple linear theory ͑though difference in linewidth can reach 50%͒; however, the estimate of the loaded quality factor determining the linewidth is not simple since it significantly depends on the operating point. Even with the frequency detuning, the RF-SET performance for monitoring the reflected wave amplitude ͑by rectification͒ is found to be very similar to the case of optimal homodyne detection ͑one-channel mixing with the optimal phase͒. It is important that the mixing phase which optimizes sensitivity can be different from the phase which optimizes response. Unexpectedly, in contrast to the decrease of response with detuning, the optimized sensitivity slightly improves with detuning.
We have also analyzed the operation regime for which an overtone of the incident rf wave is in resonance with the tank circuit, and found that the RF-SET performance in this regime is comparable to the performance in the conventional regime. Taking into account an advantage of the frequency separation between the incident and monitored waves, this FIG. 9 . ͑a͒ RF-SET response and ͑b͒ sensitivity in the regimes when the second or third overtone of the incident rf wave is in resonance with the tank circuit. Tϭ0.01e 2 /C ⌺ , R ⌺ /R 0 ϭ2000; V 0 ϭ0.5e/C ⌺ for ϭ 0 /2 and V 0 ϭ0 for ϭ 0 /3. operation mode may be experimentally useful. The theoretical proposal of the resonant overtone regime 39 has been recently realized experimentally in the group of Keith Schwab. Experimental RF-SET sensitivities using the second and third resonant overtones have been found practically coinciding with the sensitivity in the conventional regime. 43 Now let us compare our theoretical results for the RF-SET sensitivity with the experimental value of 9 e/ͱHz from Ref. 12 for the normal-metal case ͑the sensitivity of the superconducting RF-SET was significantly better: 3.2 e/ͱHz). Using the experimental parameters C ⌺ ϭ267 aF, R ⌺ ϭ43 k⍀, assuming the temperature T ϭ70 mK, and using Fig. 6 , we get the MR sensitivity of 3.2 e/ͱHz for Qϭ30 and 5.8 e/ͱHz for Qϭ50, while the OS sensitivities are 1.3 e/ͱHz for Qϭ30 and 1.9 e/ͱHz for Qϭ50 ͓notice that all these numbers are significantly higher than the low-Q OS estimate 0.9 e/ͱHz using Eq. ͑43͔͒. Unfortunately, it is not possible to extract the unloaded Q factor value from Ref. 12; however, it seems to be between 30 and 50. It is also not known if the RF-SET operating point was closer to the MR or OS mode ͑we guess the response was more important͒. Nevertheless, we see that the difference between the theory and experiment is still significant. We guess that the difference is mainly due to the preamplifier noise. Some contribution may also come from higher effective temperature than we assumed and from a nonoptimal operating point. Another contribution to the difference may come from the, neglected here, effect of cotunneling, which limits the sensitivity. However, a rough estimate 25 of this limit ␦q 0 /ͱ⌬ f ϳͱបC ⌺ gives the value of 1 e/ͱHz, so it is unlikely to be the major reason for the difference. We hope that the further experimental progress will bring the RF-SET sensitivity really close to the theoretical limit.
There are still many theoretical questions about the RF-SET performance, not answered in this paper. For example, as seen from the above estimate, the account of cotunneling and study of the quantum operation of the RF-SET is starting to be important for experiments. The development of the theory for superconducting RF-SET is even more important since in the majority of experiments with RF-SET's the superconducting state is used. There is still no rigorous theory of the frequency dependence of the RF-SET sensitivity. It is also important to consider the back-action from the RF-SET and to analyze if the RF-SET can in principle be used as a quantum detector with a high quantum efficiency ͑ideality͒. These problems are planned to be the topics of our further studies. 
APPENDIX: CURRENT AND NOISE CALCULATIONS FOR THE SET
The SET current I and its low-frequency shot noise S I have been calculated using the orthodox theory of singleelectron tunneling, 1 assuming that a stationary state of the SET is achieved at any moment of time ͑i.e., I/eӶ). We assume the normal-metal case and calculate the tunneling rates ⌫ 1,2 Ϯ (m) of electron tunneling to (ϩ) or from (Ϫ) the island through the first or second junction as
where m is the number of extra electrons on the SET, j ϭ1,2 denotes the junction, and T is the temperature. The current ͓Fig. 10͑a͔͒ is calculated as
where the stationary probability distribution of the charge states st (m) satisfies equations
and ͚ m st (m)ϭ1. The low-frequency spectral density S I of the SET current ͓Fig. 10͑b͔͒ can be calculated as 
